In this review, we introduce well-known Bell inequalities, the relations between the Bell inequality and quantum separability, and the entanglement distillation of quantum states. It is shown that any pure entangled quantum state violates one of Bell-like inequalities. Moreover, quantum states that violate any one of these Bell-like inequalities are shown to be distillable. New Bell inequalities that detect more entangled mixed states are also introduced.
I. INTRODUCTION
The contradiction between local realism and quantum mechanics was first highlighted by the paradox of Einstein, Podolsky and Rosen (EPR) [1] . Nonlocality can be determined from violation of conditions, called Bell inequalities [2] , that are satisfied by any local variable theory. In 1964, Bell formulated an inequality that is obeyed by any local hidden-variable theory. However, he showed that the EPR singlet state |ψ + = 1 √ 2 (|00 + |11 ) violates the inequality. In fact, the Bell inequality provided the first possibility to distinguish experimentally between quantum-mechanical predictions and predictions of local realistic models. Bell inequalities are of great importance in understanding the conceptual foundations of quantum theory and investigating quantum entanglement, as they can be violated by quantum entangled states. On the other hand, violation of the inequalities is closely related derive the maximal violation of such Bell inequalities. We give conclusions and remarks in section V.
II. SOME WELL-KNOWN BELL INEQUALITIES
In this section we recall several useful Bell inequalities including the CHSH inequality, WWZB inequality (including the MABK inequality as a special case), CGLMP inequality and some other generalized inequalities.
A. Bell inequalities for two and three-qubit systems
The famous CHSH [6] inequality is a kind of improved Bell inequality that is more feasible for experimental verification. Suppose two observers, Alice and Bob, are separated spatially and share two qubits. Alice and Bob each measure a dichotomic observable with possible outcomes ±1 in one of two measurement settings: A 1 , A 2 and B 1 , B 2 respectively. The CHSH inequality is a constraint on correlations between Alice's and Bob's measurement outcomes if a local realistic description is assumed. The Bell function for the CHSH inequality has been given as [26] B(λ) = A 1 (λ)(B 1 (λ) + B 2 (λ)) + A 2 (λ)(B 1 (λ) − B 2 (λ)),
where λ is a collection of local hidden variables and the variables A i (λ) and B j (λ) take values ±1. According to the local hidden-variable theory, the statistical average of the Bell function must satisfy the inequality [6, 26] , | B(λ) | ≤ 2, where the statistical average B(λ) = ρ(λ)B(λ)dλ with ρ(λ) the probability density distribution.
Quantum mechanically the statistical average of the Bell function is replaced by a quantum average of the corresponding operator given by
where A i = a i · σ A = a For entangled states, it is always possible to find suitable observables A 1 , A 2 , B 1 and B 2 such that inequality (3) is violated. For instance, taking
, we obtain | B | = 2 √ 2, which gives the maximal violation [27] . For three-qubit states, the Mermin inequality states that [7] [8] [9] ,
where observables A i , B i , and C i , i = 1, 2, are associated with three qubits respectively.
The maximal violation of the inequality (4) is 4. The quantum mechanical violation of the Bell inequalities has been demonstrated experimentally, e.g. [28] .
B. Bell inequalities for Multipartite qubit systems
The MABK inequality is a kind of Bell inequality for multipartite qubits [7] [8] [9] whereas the WWZB inequality [10, 11] is a kind of generalization of the MABK inequality. Here we introduce the WWZB inequality and consider the MABK inequality as a special case of the WWZB inequality.
Consider an N-qubit quantum system and allow each part to choose independently between two dichotomic observables A j , A ′ j for the jth observer, specified by local parameters. Each measurement has two possible outcomes 1 and −1. The WWZB quantum mechanical Bell operator is defined by
where S(s 1 , s 2 , · · · , s N ) is an arbitrary function taking only values ±1 and O j (1) = A j and O j (2) = A ′ j with k j = 1, 2. It is shown in [10, 11] that local realism requires | B N | ≤ 1. The MABK inequality is recovered by taking S(
Employing an inductive method from the (N −1)-partite WWZB Bell inequality to the Npartite inequality, a family of Bell inequalities was presented in [13] . The new Bell operator is defined by
where B N −1 represents the normal WWZB Bell operators defined in (5) . Such new Bell operators yield violation of the Bell inequality for the generalized GHZ states, |ψ = cos α|00 · · · 0 + sin α|11 · · · 1 , in the whole parameter region of α and for any number of qubits, thus overcoming the drawback of the WWZB inequality. In the three-qubit case, one can construct three different Bell operators from B 2 by taking the approach of (6).
The corresponding three Bell inequalities can distinguish full separability, detailed partial separability and true entanglement [29] .
C. Bell inequalities for high-dimensional systems
For bipartite high-dimensional quantum systems, we introduce the CGLMP inequality given in [15] . We consider the standard Bell- 
Here [x] denotes the integer part of x. The joint probability Chen et al. show that all bipartite entangled states violate the CGLMP inequality [30] , which gives a detailed proof of Gisin's Theorem for two-qudit quantum systems. Let X [1] j and X [2] j , where j = 1, 2, denotes the two observables for the jth party. Each has d possible outcomes:
where S = (d − 1)/2 is the spin of the particle for the d-dimensional system, and P (X
On the basis of these correlation functions, a tight Bell inequality for two-qudit systems is obtained:
Inequality (9) is equivalent to the CGLMP inequality. Chen et al. further generalized this kind of correlation function to arbitrary N-qudit systems [32] . Let X 
where
According to these correlation functions, the generalized multipartite Bell inequality can be written as
D. Bell inequalities for many-setting systems
Gisin investigated the CHSH inequalities for two-qubit quantum systems with many settings [33] . Let a j = ±1 and b j = ±1 for all indices j = 1, 2, · · · , n. The inequality
can be easily derived, where [x] denotes the largest integer smaller or equal to x. Inspired by this, one can set the Bell operator to be
are real unit vectors, and σ = (σ x , σ y , σ z ). The Bell inequalities for two-qubit systems with many settings are then
The ratio of the maximal violation of the inequality decreases with the increasing number of settings. The usual two-setting CHSH inequality has a maximal violation ratio √ 2. For large n-settings, the ratio tends to 4/π ∼ 1.273 [33] .
The authors studied d ⊗ d-dimensional bipartite systems with d a prime integer [34] . Two observers are allowed each to choose one of d variables. Consider a classical Bell function,
is the primitive d-th root of unity,
The quantum Bell operator, corresponding to the classical Bell function, is given by
where A i and B j are local unitary operators with eigenvalues 1, ω, ω
that the statistical average of the Bell operator satisfies
This Bell inequality is maximally violated quantum mechanically by mutually unbiased measurements of a maximally entangled state, whereas other Bell inequalities for highdimensional systems such as the CGLMP inequality [15] and that of Son et al. [35] do not have such a property.
III. GISIN'S THEOREM
In this section we introduce a set of Bell-like inequalities that can be shown to be both sufficient and necessary for separability of general pure quantum states in arbitrary dimensions [36] .
A. Bell Inequalities for Bipartite Quantum Systems
We first consider general N × M bipartite quantum systems in vector space H AB = H A ⊗ H B with dimensions dim H A = M and dim H B = N. We aim to find Bell inequalities is similarly defined. The matrix operators L α (resp. L β ) have M − 2 (resp. N − 2) rows and M − 2 (resp. N − 2) columns that are identically zero. We define the operators A α i (resp. B β j ) from L α (resp. L β ) by replacing the four entries in the positions of the two nonzero rows and two nonzero columns of L α (resp. L β ) with the corresponding four entries of the matrix a i · σ (resp. b j · σ), and keeping the other entries of A α i (resp. B β j ) zero. We define the Bell operators as
β , and i, j = 1, 2. Theorem 1: Any bipartite pure quantum state is entangled if and only if at least one of the following Bell inequalities is violated [36] ,
where α = 1, 2, · · · ,
Proof: Assume that the state |ψ violates one of the Bell inequalities in (19): does not change the separability of a state, |ψ must be entangled. Now assume that |ψ ∈ H AB is an entangled state. We prove that at least one of the Bell inequalities in (19) is violated. Set ρ = |ψ ψ|. By projecting |ψ onto 2 × 2 subsystems [37] , we get the following pure states
, and ||X|| = T r(XX † ). Here ρ αβ are pure states with rank one. As the matrix L The states ρ αβ are called "two-qubit" states in this sense.
The concurrence of |ψ is defined by C(|ψ ) = 2(1 − T r(ρ 2 A )) with ρ A = T r B (ρ) the reduced density matrix of ρ by tracing over the subsystem B [39, 40] . A pure quantum state |ψ can be generally expressed as |ψ
a ij |ij , a ij ∈ C, in the computational basis |i and |j of H A and H B respectively, where i = 1, ..., M and j = 1, ..., N. Therefore, the concurrence can be expressed as
where ρ αβ are defined in (20) . Since we have assumed that |ψ is an entangled quantum state, C(|ψ ) must be nonzero: i.e. at least one of ρ αβ , say ρ α 0 β 0 , has nonzero concurrence:
As discussed above, ρ α 0 β 0 is actually a "two-qubit" quantum pure state. It has been shown that an entangled two-qubit pure state must violate the Bell inequality (3) [16, 17] . Therefore, the inequality | B α 0 β 0 | ≤ 2 is violated.
As an example we consider a bipartite 3 × 3 quantum state |ψ with Schmidt decompo-
The concurrence of |ψ is given by
If |ψ is entangled, the concurrence must have at least one nonzero term in (22) , say 
We select the Bell operator in (18) to be
2 ) † , and
We then obtain the maximal violation of the inequality (19): 2 1 +
B. Inequalities for Multipartite Quantum Systems
We now consider multipartite quantum systems. For convenience we consider that all subsystems have the same dimensions. However, as seen in the following, our discussions also apply to multipartite quantum systems with different dimensions.
Let H denote a d-dimensional vector space with basis |i , where i = 1, 2, ..., d. An Lpartite pure state in H ⊗ · · · ⊗ H is generally of the form
Let α and α ′ (resp. β and β ′ ) be subsets of the subindices of a, associated with the same sub-vector spaces but having different summing indices. α (or α ′ ) and β (or β projecting |Ψ onto 2 × 2 subsystems, we have "two-qubit" pure states:
, and p is the bipartite decomposition of the L subsystems.
For each pure state ρ p αβ we define the corresponding Bell operators
the Hermitian operators similarly defined as in (18).
Theorem 2: Any multipartite pure quantum state is entangled if and only if at least one of the following inequalities is violated [36] :
Proof: Obviously, multipartite quantum states that violate any one of the Bell inequalities in (27) must be entangled.
We now prove that, for any entangled multipartite pure quantum state, at least one of the inequalities in (27) is violated. The concurrence of |Ψ is given by [41] 
where 
where ρ p αβ are defined in (25) . As |Ψ is an entangled state, C(|Ψ ) must be nonzero: i.e. at least one of ρ p αβ , say ρ p 0 α 0 β 0 , has nonzero concurrence. As discussed above, ρ p 0 α 0 β 0 is actually a two-qubit quantum pure state. An entangled two-qubit quantum pure state must violate the Bell inequality (3).
As an example, we consider three-qubit systems. Acin et al. verified that any general pure three-qubit state |Ψ can be uniquely written as [42] 
where λ i ≥ 0, 0 ≤ ψ ≤ π, and i λ 2 i = 1. From straightforward mathematics, we have
We now give a detailed analysis of how the entangled pure three-qubit state( i.e. at least one of the terms on the right hand side of (31) is non-zero) must violate one of the inequalities in (27) . 
We choose the Bell operator in (26) to be that with respect to the bipartite decomposition of the first two qubits and the last one: (|00 + |11 )) can be created from a number of identical copies of the state ρ by means of local operations and classical communication. We call a multipartite state distillable if and only if there exists at least one bipartite decomposition of the system such that pure entangled states can be distilled. It has been shown that all quantum entangled pure states are distillable. However, it is a challenge to give an operational criterion of distillability for general mixed states. A sufficient condition of distillability has been presented [37] . Our inequalities (27) are both sufficient and necessary for the separability of pure states, but generally not for the separability of mixed states. However, surprisingly (27) can serve as a criterion for distillability.
The Bell operator in (26) has the form
Theorem 3: Any bipartite quantum state ρ that violates any one of the Bell inequalities in (19) (i.e. Tr{B αβ ρ} > 2) is always distillable. In addition, if a multipartite quantum state ρ violates one of the Bell inequalities in (27) (i.e. ρ satisfies Tr{B p αβ ρ} > 2), then bipartite maximally entangled pure states can be distilled from the copies of ρ.
Proof: It has been shown that a density matrix ρ is distillable if and only if there are projectors P , and Q that map high-dimensional spaces to two-dimensional spaces such that the state P ⊗ Qρ ⊗s P ⊗ Q is entangled for some s copies [43] . Thus if any one of the Bell inequalities in (19) is violated, there exists a submatrix ρ αβ , like (20) , that has nonzero concurrence. For a generally given operator L α = |i j| − |j i|, L β = |k l| − |l k|, the operators P and Q are explicitly given by P = AL α and Q = BL β , where A = |0 A i| + |1 A j|, B = |0 B k| + |1 B l|, |0 A/B and |1 A/B are the orthonormal bases of a two-dimensional vector space. P ⊗ Q maps state ρ to a two-qubit state that has the same nonzero concurrence as ρ αβ . Since any entangled two-qubit state is distillable, ρ is distillable. The multipartite case can be discussed similarly.
Remark It has been shown that positive partial transposition (PPT) entangled quantum states are not distillable [44, 45] . Therefore PPT quantum states should never violate the Bell inequalities in (19) or (27) . This can be seen from the following. A density matrix ρ is said to have a PPT property if the partial transposition of ρ with respect to any subsystem(s) is still positive. Let ρ T B denote the partial transposition with respect to the subsystem B. Assume that there is a PPT state ρ violating one of the Bell inequalities in (27) , say Tr{B p 0 α 0 β 0 ρ} > 2. This can be equivalently understood as there exists two-qubit state ρ p 0 α 0 β 0 in the form of (25) such that Tr{B
On the other hand, using the PPT property of ρ, we have
As both L can be considered as a 2 × 2 state. While a 2 × 2 PPT state ρ α 0 β 0 must be separable [46] , it contradicts with Tr{B
IV. BELL INEQUALITIES DETECTING MORE (MIXED) ENTANGLED BIPAR-TITE STATES
We now consider bipartite states for N × N systems. For even N, let Γ x , Γ y and Γ z be block-diagonal matrices in which each block is an ordinary Pauli matrix, σ x , σ y and σ z repectively, as described in [17] for Γ x and Γ z . When N is odd, we set the elements of the kth row and the kth column in Γ x , Γ y and Γ z to be zero. The other elements of Γ x , Γ y and Γ z are the block-diagonal matrices as for the even-N case. Let Π(k) be an N × N matrix whose only nonvanishing entry is (Π(k)) kk = 1, k ∈ 1, 2, · · · , N, for odd N and be a null matrix for even N. We define observables
and
where a = (a x , a y , a z ) and b = (b x , b y , b z ) are real unit vectors. We define the Bell operator as [38] 
where The proof of this theorem is straightforward. Note that for any three-dimensional unit vectors a and b, the eigenvalues of A and B are either 1 or −1. Then as discussed for the two-qubit case, if there exists a local hidden-variable model to describe the system, we have
We now compute the maximal violation of the Bell inequality.
Proposition 1 : For any bipartite pure state |ψ with even N, the maximal violation of the Bell inequality (37) is given by [38] max ψ|B|ψ = 2
where τ 1 and τ 2 are the two largest eigenvalues of the matrix R T R, R is the matrix with entries R αβ = ψ|Γ α ⊗ Γ β |ψ , with α, β = x, y, z.
[Proof] If N is even, we have the maximal violation of the Bell inequalities (37) max ψ|B|ψ = max
For any bipartite pure state |Ψ in the Schmidt bi-orthogonal form,
with odd N, the maximal violation of the Bell inequality (37) is given by [38] max Ψ|B|Ψ = 2
where τ 1 and τ 2 are defined in Proposition 1.
[Proof] For odd N and any k ∈ {1, 2, · · · , N}, similarly we have max Ψ|B|Ψ = max
Remark: For even N, formula (38) is also valid for any bipartite mixed quantum state ρ. One only needs to redefine R αβ = T r[ρΓ α ⊗ Γ β ] for α, β = x, y, z. Formula (40) does not fit for general quantum states with odd N. However, for some quantum mixed states the maximal violation of the Bell inequality (37) can still be computed using the formula (see example 2 below).
Moreover, the Bell inequality in [17] is a special case of (37) in the sense that it can be obtained by setting a y and b y in (34) and (35) to be zero, and k = N in the Bell operator (36). For k = N, the maximal violation of (37) for an arbitrary bipartite quantum state (39) is the same as the violation values given in [17] . This means that the parameters a y and b y do not contribute to the maximal violation in this case. However, even in this case the formulae (38) and (40) have their own advantages. On one hand, one can compute the maximal violation without choosing proper Bell operator as is needed in [17] . On the other hand, for odd N, more entangled quantum states can be detected by adjusting k. In the following we give two examples to illustrate these properties.
Example 1: Consider a 3 × 3 pure state with Schmidt decomposition |ψ = (|11 + |33 )/ √ 2. Using the Bell operator given in [17] we obtain the maximal violation 2, which fails to detect the entanglement. Now taking k = 2 we obtain the maximal violation of the Bell inequality (37) 2 √ 2, which means that |ψ is entangled.
The Bell inequality (37) is valid also for all mixed states with even N and for some mixed states with odd N. Therefore it can be used to detect experimentally the entanglement of mixed states. 
For even N, the maximal violation of ρ(x) is 2 √ 2(1 − x). Therefore, the Bell inequality (37) detects entanglement of ρ(x) for 0 ≤ x < 0.292893. If N is odd, we note that for any k ∈ {1, 2, · · · , N} and α ∈ {x, y, z}, (Γ α (1−x). Hence the Bell inequality (37) can detect the entanglement of ρ(x) for 0 ≤ x < 0.2566 in this case.
V. CONCLUSIONS AND REMARKS
In this review, we have introduced several kinds of Bell inequalities such as the CHSH, MABK, WWZB and CGLMP Bell inequalities that rule out the local hidden-variable theories and help detect quantum entanglement experimentally. We have also introduced a series of Bell inequalities for bipartite quantum states by projecting the whole quantum systems to "two-qubit" subsystems. It has been shown that quantum states violating any one of these Bell inequalities are entangled. On the other hand, any entangled pure quantum state must violate at least one of these Bell-like inequalities. It has also been shown that quantum mixed states that violate the Bell inequalities must be distillable.
By constructing new Bell operators bipartite Bell inequalities that include Gisin's Bell inequalities in [17] as a special case have been also been introduced. The maximal violation of these Bell inequalities for pure states in Schmidt forms has been obtained. The formulae of maximal violation are valid also for all pure and mixed quantum states in even-dimensional bipartite systems and for some mixed states in odd-dimensional bipartite systems. The new Bell inequality has been shown to be capable of detecting quantum entanglement more effectively.
In regards to the quantum separability most Bell inequalities so far work only for pure states. In [47] the authors used the fact that the PPT criterion [44, 45] is both sufficient and necessary for the separability of two-qubit mixed states and presented a formula for the detection of all entangled two-qubit mixed states experimentally in principle. Nevertheless, generally for mixed states less has been known for Bell inequalities. Concerning the conceptual foundations of quantum mechanics, to avoid state dependence in ruling out the local hidden-variable model in experiments, some "loophole-free" Bell inequalities have also been investigated [48, 49] .
